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Cor 2.4 Let U ⊂ C be open, f : U →
C, and V = {(x, y) ∈ R2 | z = x+ iy ∈ U}.
Then f is analytic in U if and only if u and
v are continuously differentiable in V and
if

∂u

∂x
=

∂v

∂y

∂v

∂x
= −∂u

∂y

Def 4.2 A harmonic function on V ⊂
R2 is a twice continuously differentiable
function u : V → R such that the Laplace’s
equation holds

∇2u =
∂2u

∂x2
+

∂2u

∂y2

Thm 4.5 Let f : U ⊂ C → C be
analytic, where f = u + iv. Then u, v are
harmonic functions

Cor 8.4 U ⊂ C open f : U → C
analytic then f is C∞

Thm 8.5(Liouville) Every bounded
entire function is constant

Thm 7.7[Maximums modolus prin-
ciple] K ⊂ C compact, and f : K → C
continuous and analytic on U = Int(K)
interior of K. Then, |f | : K → C,
z 7→ |f(z)| assumes its maximum on ∂K.

Def The concept is the same as the
principal branch but, Log(w) = ln|w| +
iarg w + i2kπ where k = 0,±1,±2, ....

Sin and Cos

sin(z) =
eiz − e−iz

2i
cos(z) =

eiz − e−iz

2

eiz =

∞∑
n=0

in

n!
zn, sin(z) =

∑
n≥0

i2n

(2n+ 1)!
z2n+1

cos(z) =
∑
n≥0

i2n

(2n)!
z2n

Series

Thm (Cauchy-Hadamard) Let a power
series

∑∞
n=0 anz

n, then the radius of con-
vergence is given by R = 1

lim sup |an|
1
n

Moreover,
∑∞

n=0 anz
n converges abso-

lutely if |z| < R (diverges otherwise).

Part. Frac g, h complex polynomi-
als, h = c ·

∏s
i=1(z − zi)

ni ̸= 0 with
z1, ..., zs pairwise distinct and ni, ..., ns ≥
1. Then there are a polynomial q and
ci,−ni

, ..., ci,−1 ∈ C for i = 1, ..., s such that

g

h
= q +

s∑
i=1

−1∑
k=−ni

ci,k(z − zi)
k

Complex integration

Length Let γ be a smooth arc with
parametrization z : [a, b] → C. The length
of γ is

l(γ) =

∫ b

a

|z′(t)|dt =
∫ b

a

√
x′(t)2 + y′(t)2dt

Def U ⊂ C open, f : U → C continu-
ous, f = u + iv and z : [a, b] → C smooth
arc with γ = Im(z) ⊂ U , z = x+ iy. Then
the integral of f along γ is∫

γ

f =

∫
γ

f(z)dz =

∫ b

a

f(z(t))z′(t)dt

Thm 5.5 f : U → C continuous
with primitive F . Γ ⊂ U contour with
parametrization z : [a, b] → U then∫

Γ

f = F (z(b))− F (z(a))

Pro 5.7 U ⊂ C open, f : U → C con-
tinuous, Γ ⊂ U contour of legth l(Γ) and
M = max{|f(z)| | z ∈ Γ} then∣∣∣∣∫

Γ

f

∣∣∣∣ ≤ Ml(γ)

Thm 6.1(Cauchy) Let U ⊂ C open,
f : U → C analytic and Γ ⊂ U closed
contour. If Γ is contractible, then∫

Γ

f(z)dz = 0

Thm(Cauchy Integral formula) Let Γ
be a simple closed positively oriented con-
tour. If f is analytic in some simply con-
nected domain D containing Γ and z0 is
any inside Γ, then

f (n)(z0) =
n!

2πi

∫
Γ

f(z)

(z − z0)n+1
dz

Thm Let U ⊂ C open with R ⊂ U ,
and S = {z ∈ C\U | Im z > 0}. Take
f : U → C analytic such that S ⊂ {poles
of f}. If there are c, r > 0 such that
|f(x)| ≤ c

|x|2 for all z ∈ U with Im z ≥ 0,

then the limit converges, S is finite and∫ ∞

−∞
f(x)dx = 2πi ·

∑
z∈S

Resz f

Thm 11.7g, h polynomials with
deg h ≥ deg g + 1, h(z) ̸= 0 for x ∈ R,
k ̸= 0 then∫ ∞

−∞

g(x)

h(x)
eikxdx = 2πi

∑
h(z0)=0

k·Im(z0)>0

Resz0

(
g(z)

h(z)
eikz

)

Residues & Zeros

Cor f : U → C analytic and z0 pole of f
of order m ≥ 1. Then,

Resz0 f =
1

(m− 1)!
· d

m−1

dzm−1
[(z − z0)

mf(z)]z=z0

Cor f : U → C analytic with a simple
pole at z0. Let g : U ∪ {z0} → C analytic.
Then

Resz0 fg = g(z0) · Resz0 f

Deff : U → C analytic and S = {z ∈
U | f(z) = 0} zeros of f . The logarithmic

derivative of f is f ′

f : U\S → C
Pro f : D◦

ϵ ⊂ U → C with ordz0 f ̸=
−∞ and f(z) ̸= 0 for z ∈ D◦

ϵ (z0). Then

• ordz0
f ′

f = −1 if ordz0 f ̸= 0

• ordz0
f ′

f ≥ 0 if ordz0 f = 0

• Resz0
f ′

f = ordz0(f)

Def(Winding Number) Let γ a closed
arc in C, and assume z ∈ C\γ. The wind-
ing number of γ around z0 is

W (γ, z) =
1

2πi

∫
γ

1

w − z
dw

Thm (Residue Formula) Let U ⊂ C be
open, and γ ⊂ U be a contractible closed
arc. Assume f : U\{z1, ..., zs} → C ana-
lytic, where {z1, ..., zs} ∈ U\γ are poles of
f . Then,∫

γ

f = 2πi

s∑
i=1

W (γ, si) · Reszi f

Thm 12.2 (Argument principle) f :
U\{z1, ..., zs} → C analytic with poles
{z1, ..., zs}, γ ⊂ U\{z1, ..., zs} boundary
curve such that f(z) ̸= 0 for z ∈ γ then∑

z∈γint

ordz f =
1

2πi

∫
γ

f ′(z)

f(z)
dz

Thm 12.4 (Rouche) f, g : U → C, U
simply connected, γ ∈ U boundary curve
with γint ⊂ U if |f(z) − g(z)| < |g(z)|
∀z ∈ γ, then∑

z∈γint

ordz f =
∑

z∈γint

ordz g

Thm 12.7 F(Ĉ){g/h : Ĉ → Ĉ} and

for every f ∈ F(Ĉ)\{0},
∑

z∈Ĉ ordz f = 0
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